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3Institute of Physical Chemistry, University of Karlsruhe (TH), D-76128 Karlsruhe, Germany

Received 28 April 2004; revised 3 June 2004; accepted 7 June 2004

ABSTRACT: Quantum chemical methods for the calculation of molecular properties to chemical accuracy are
reviewed. We begin by reviewing wave-function based electronic structure theory, with emphasis on coupled-cluster
theory and the description of electron correlation in terms of virtual excitations from occupied to virtual molecular
orbitals. Next, we discuss the expansion of molecular orbitals in atomic orbitals and the design of one-electron basis
sets for correlated calculations at the coupled-cluster level of theory. In particular, we discuss the convergence of the
electronic energy in the principal expansion as realized in the correlation-consistent basis sets. Following this
theoretical introduction, we consider the accurate calculation of atomization energies, reaction enthalpies, dipole
moments and spectroscopic constants such as bond distances and harmonic and anharmonic force constants. For each
property, we identify what levels of theory in terms of basis set (the one-electron description) and virtual excitation
level (the N-electron description) are needed for agreement with experiment to chemical accuracy, that is, about
1 kcal mol�1 (1 kcal¼ 4.184 kJ) for atomization energies and reaction enthalpies, about 0.1 pm for bond distances and
about 1 cm�1 for vibrational frequencies. In each case, we consider in detail the direction and magnitude of the
changes in the calculated properties with improvements in the one- and N-electron descriptions of the electronic
system, paying particular attention to the cancellation of errors arising from the simultaneous truncations of the
coupled-cluster expansion and the one-electron basis set. We emphasize that agreement with experiment, even with
chemical accuracy, for a few selected properties is by itself no guarantee of quality and should never be taken as
indicative of an accurate description of the electronic system. To ensure such a description, the errors arising from the
truncations of the one- and N-electron expansions must be controlled by carrying out sequences of calculations, where
the different levels of theory are systematically varied and where convergence is carefully monitored. Copyright #
2004 John Wiley & Sons, Ltd.
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INTRODUCTION

The field of molecular electronic-structure theory has
developed rapidly during the last few decades, allowing
chemists to study theoretically systems of increasing size

and complexity, often with an accuracy that rivals or even
surpasses that of experimental measurements.1–4 This
situation has come about partly as a result of new
developments in computational techniques and partly as
a result of spectacular advances in computer technology.
Consequently, the practicing chemist now has at his or
her disposal a wide range of powerful techniques of
varying cost and accuracy, all of which can be applied
to solve problems at the microscopic and molecular levels.

In this paper, we discuss those particular methods of
quantum chemistry that are capable of very high accuracy.
Our purpose is not only to demonstrate what accuracy
these methods are capable of in the hands of an experi-
enced quantum chemist, but also to provide guidelines for
the practicing chemist on how to carry out accurate
calculations and, in particular, to show what pitfalls
should be avoided when applying quantum- chemical
methods in situations where high accuracy is mandatory.
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It should be noted immediately that not all methods of
quantum chemistry are appropriate in situations where
high accuracy is essential. In particular, the popular and
versatile methods of density-functional theory (DFT)5

cannot be applied when a strict control of accuracy is
necessary. In such situations, we must instead turn to the
hierarchical methods of quantum chemistry, in particular,
to the coupled-cluster hierarchy of wave functions.4,6–10

In this hierarchy of computational methods, it is possible
to approach, in a systematic manner, the ‘exact’ solution
to a given chemical problem, in a manner we shall discuss
more precisely later.6

As a caveat, we note that not all problems of molecular
systems and their reactions and interactions can be
treated in a simple manner by coupled-cluster theory.
There are problems, in particular, related to chemical
reactions and to the breaking and making of chemical
bonds, that are not easily treated by standard coupled-
cluster theory.11 Nevertheless, most of the chemistry
related to stable molecular systems can be treated to a
very high accuracy by these methods.1 In the present
review, we restrict ourselves to such systems. More
specifically, we shall concentrate our attention on small
(mostly organic) systems and to systems containing light
atoms, where the effects of relativity are small. Coupled-
cluster theory is in principle not restricted to small
systems and important recent developments have ex-
tended its application range dramatically, to include
molecules containing a large number of atoms.12–18 At
present, however, highly accurate applications of
coupled-cluster theory are restricted to systems contain-
ing no more than 10 to 20 atoms.

THEORY

Molecular many-body problem

A stationary state of a molecular electronic system is
described by an electronic wave function, a mathematical
function that depends on the spatial and spin coordinates
of each electron in the system [Eqn (1)]:

� ¼ �ðx1; y1; z1; s1; x2; y2; z2; s2; . . . ; xN ; yN ; zN ; sNÞ
ð1Þ

The wave function corresponds to the solution of the
time-independent Schrödinger equation [Eqn (2)]:19

ĤH� ¼ E� ð2Þ
where E is the associated electronic energy and ĤH is the
electronic Hamiltonian. In atomic units, the nonrelativis-
tic spin- and field-free electronic Hamiltonian operator is
given by Eqn (3):
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where ZK are the nuclear charges and where the summa-
tions are over all electrons i and all nuclei K. Because of
boundary conditions, valid solutions � do not exist for all
energies E. In this paper, we are concerned with the
ground-state wave function, associated with the lowest
eigenvalue E.

All information about the electronic system is con-
tained in the electronic wave function, obtained by
solving the Schrödinger equation Eqn (2). Unfortunately,
the Schrödinger equation represents a difficult many-
body problem that cannot be solved exactly, see Plate 1.
We are thus forced to make approximations in its solu-
tion, that is, to provide simplified descriptions that
incorporate the most important features of the electronic
system. This should preferably be done in an orderly
fashion, so that the exact solution can be approached in a
systematic manner. This particular approach to the
molecular electronic many-body problem is discussed
in this paper.

In passing, we note that a very different route to the
many-body problem is provided by DFT.5 In DFT, all
information about the electronic system is extracted from
the electron density (and possibly from the spin density)
rather than from the wave function. Since, for any system,
the electron density is a function of only three spatial
coordinates, it is a much simpler function to approximate
than the full electronic wave function, making DFT a
highly attractive approach to the molecular many-body
problem. Unfortunately, even though the electronic en-
ergy is a function of the electron density, in practice, this
function is only known in a rather crude, approximate
manner.20 Moreover, no procedure has yet been devel-
oped for improving the approximate function in a sys-
tematic manner, making it impossible to refine our
description of the molecular system towards the exact
solution. The approach described here, in which we
approximate the exact solution in a systematic manner,
can therefore only be taken by resorting to wave-function
theory and by attempting the difficult solution of the
many-particle Schrödinger equation.

N-particle space and coupled-cluster theory

Hartree–Fock model and mean-field descrip-
tion. For a fictitious system of N non-interacting elec-
trons, the exact wave function takes the form of a Slater
determinant, that is, an antisymmetric product of N spin
molecular orbitals (MOs) [Eqn (4)]:

� ¼ ÂA
YN
I¼1

�IðxIÞ; h�I j�Ji ¼ �IJ ð4Þ

In this expression, ÂA is an antisymmetrizer (introduced to
comply with the Pauli antisymmetry principle) and the
�IðxÞ are a set of orthonormal one-electron functions
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Plate 1. The molecular many-body problem. The nuclei and electrons are represented by large and small dots, respectively, and
their interactions by straight lines

Plate 2. The two-electron density in H2 with both electrons on the molecular axis. To the left, we have plotted the two-electron
density of the uncorrelated Hartree–Fock state j1�2gi; to the right, we have plotted the density for the correlated state
j1�2

gi � 0:11j1�2
ui (atomic units). The red lines represent situations with both electrons at the same nucleus; the blue lines

represent situations with the two electrons on opposite nuclei

Plate 3. Errors in the calculated harmonic constants (cm�1), bond distances (pm) and atomization energies (kJmol�1) of HF
(red), CO (black), N2 (green) and F2 (blue), plotted on a logarithmic scale as functions of the highest included connected
excitations in the coupled-cluster treatment. The straight lines represent the relativistic corrections
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(spin orbitals) of three spatial coordinates and one spin
coordinate. In practice, each spin orbital is a product of a
spatial, orbital part and one of the two possible spin
functions � or �. For a closed-shell state, such as those
considered here, the spin orbitals in the Hartree–Fock
state Eqn (4) occur in pairs, with the same orbital part but
different spin parts.

For a real system of interacting electrons, the exact wave
function cannot be written in the product form Eqn (4).
Still, we may take this particularly simple mathematical
form as a useful ansatz for an approximate description of
the electronic system. To make the most of this ansatz and
generate the best possible ground-state determinantal
wave function, we invoke the variation principle19 and
minimize the expectation value of the Hamiltonian with
respect to the form of the MOs [Eqn (5)]:

E ¼ min
�I

h� j ĤH j�i
h� j�i � Eexact ð5Þ

subject to the constraint that the MOs remain orthonor-
mal. This particular approach to the molecular many-
body problem constitutes the Hartree–Fock model.21

In the Hartree–Fock description, each electron is de-
scribed by taking into account only the mean effect of all
other electrons, being affected by the average rather than
instantaneous positions of the remaining electrons. Typi-
cal errors of the Hartree–Fock independent-particle
model are 0.5% in the total energy, 1% in bond distances
and 5–10% in many other molecular properties such as
force constants and dipole moments.1,22 However, for
certain properties such as atomization energies and in-
direct nuclear spin–spin coupling constants, it may fail
completely and give very large errors, see, for instance,
Refs. 9 and 23.

The Hartree–Fock model is the cornerstone of mole-
cular wave-function theory. It constitutes a useful, qua-
litative model on its own, applicable to large systems.
More importantly, it forms the starting point for more
accurate descriptions of molecular electronic systems, to
which we now turn our attention.

Electron correlation and virtual excitations. Apart
from obeying the Pauli antisymmetry principle, the
mean-field Hartree–Fock description is uncorrelated. To
improve upon this simple description, we must take into
account the instantaneous interactions among the elec-
trons. Thus, in real space, the electrons are constantly
being scattered by collisions. In the orbital picture
adopted by us, such collisions manifest themselves as
virtual excitations from occupied spin orbitals �IðxÞ to
virtual (unoccupied) spin orbitals �AðxÞ.

The most important collisions are those between two
electrons, corresponding to virtual excitations from two
occupied to two virtual spin orbitals, known as pair
excitations or double excitations. Let us represent the
optimized Hartree–Fock state of Eqn (4) by jHFi and let

jIJ ! ABi denote the doubly-excited state generated
from jHFi by replacing spin orbitals I and J by spin
orbitals A and B, respectively. Consider next the double-
excitation operator X̂XAB

IJ that generates, from the Hartree–
Fock state, this excited state, Eqn (6):

X̂XAB
IJ jHFi ¼ tABIJ jIJ ! ABi ð6Þ

The amplitude tABIJ that appears in this expression repre-
sents the probability that the two electrons in spin orbitals
�I and �J will interact and as a result be excited to �A and
�B. By applying 1 þ X̂XAB

IJ to the Hartree–Fock state, we
generate an improved description of the electronic system
[Eqn (7)]:

jHFi ! ð1 þ X̂XAB
IJ ÞjHFi ð7Þ

Our description of the electronic system is now said to be
correlated, as opposed to the simple, uncorrelated de-
scription afforded by the mean-field Hartree–Fock model.

To illustrate the description of electron correlation by
means of virtual excitations, consider the H2 system in
the basis of two Slater-type functions, one centered on
each atomic nucleus [Eqn (8)]:

1sA ¼ 1ffiffiffi
�

p expð�rAÞ; 1sB ¼ 1ffiffiffi
�

p expð�rBÞ ð8Þ

The two nuclei are located on the z axis at �0:7 and
0:7 a0, respectively. From these atomic orbitals (AOs), we
may generate two MOs [Eqn (9)]:

1�g ¼ Ngð1sA þ 1sBÞ; 1�u ¼ Nuð1sA � 1sBÞ ð9Þ

where Ng and Nu are normalization constants. In the
Hartree–Fock ground-state description, the bonding 1�g

orbital is doubly occupied and the antibonding 1�u orbital
is unoccupied. By applying the operator X̂Xuu

gg, we obtain an
improved description, where the electrons have a ten-
dency to occupy the antibonding as well as the bonding
orbital [Eqn (10)]:

j1�2
gi ! ð1 þ X̂Xuu

ggÞj1�2
gi ¼ j1�2

gi � 0:11j1�2
ui ð10Þ

The amplitude �0:11 that occurs in this state has been
obtained by a variational minimization of the expectation
value of the electronic Hamiltonian.

As seen from Fig. 1, the one-electron density along the
z axis �ðzÞ is hardly affected by correlation. By contrast,
the two-electron density �ðz1; z2Þ along the same axis
changes dramatically upon correlation, see Plate 2. In
particular, along the diagonal z1 ¼ z2, where the two
electrons coincide, the two-electron density is strongly
reduced. At the same time, there is an enhanced prob-
ability of finding the electrons on opposite sides of the
system z1 ¼ �z2, for example, on the two different
nuclei.
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Coupled-cluster model. For an accurate description
of the two-electron system, we must have a large set of
AOs into which virtual excitations can occur, only in this
manner will we be able to describe accurately the
correlated motion between the two electrons as they
approach each other in space. In addition, for systems
containing more than two electrons, we cannot restrict
ourselves to collisions between pairs of electrons and
their representation in terms of double excitations. For

high accuracy, we must also take into account processes
that involve three or more electrons simultaneously. By a
straightforward generalization of the approach for two
electrons, we therefore introduce operators that carry out
triple, quadruple and higher virtual excitations, with
associated amplitudes [Eqns (11) and (12)]:

X̂XABC
IJK jHFi ¼ tABCIJK jIJK ! ABCi ð11Þ

X̂X
ABCD

IJKL jHFi ¼ tABCDIJKL jIJKL ! ABCDi ð12Þ

The final description is then obtained by applying, to the
uncorrelated Hartree–Fock state, all possible combina-
tions of such operators. The resulting wave function, in
which there are no restrictions on the excitation operators
that have been included, is the coupled-cluster represen-
tation of the full configuration–interaction (FCI) wave
function [Eqn (13)]:10

jFCIi ¼
Y
AI

1 þ X̂XA
I

� �" # Y
ABIJ

1 þ X̂XAB
IJ

� �" #

�
Y

ABCIJK

1 þ X̂XABC
IJK

� �" #
� � � jHFi

ð13Þ

Because of the very large number of parameters involved
in the construction of the FCI wave function, this

approach can only be applied to small systems with small
virtual excitation spaces.

For larger systems, we proceed by truncating the wave
function, leaving out all excitation operators in Eqn (13)
that involve more than a given number of electrons. For
example, omitting all excitation operators that involve
more than two electrons, we arrive at the coupled-cluster
singles-and-doubles (CCSD) wave function [Eqn (14)]:24

jCCSDi ¼
Y
AI

1 þ X̂XA
I

� �" # Y
ABIJ

1 þ X̂XAB
IJ

� �" #
jHFi ð14Þ

Note carefully that, in the CCSD description, double
excitations occur not only as a result of applying
double-excitation operators to the Hartree–Fock state
but also as a result of applying pairs of single-excitation
operators. More generally, by expanding the CCSD state
in Eqn (14), we obtain Eqn (15):

where, for example, X̂XAB
IJ jHFi is known as a connected

cluster and X̂XA
I X̂X

B
J jHFi as a disconnected one. Clearly, in

the CCSD state, all clusters involving three or more
electrons are disconnected, representing two or more
independent virtual excitations in the electronic system,
for example, two separate, independent double excita-
tions X̂XAB

IJ X̂XCD
KL jHFi. In real space, such disconnected

quadruple excitations correspond to two separate colli-
sions, each involving two electrons. It is the compact
description of such disconnected processes (as products)
that constitutes the key to the success of coupled-cluster
theory in quantum chemistry and that distinguishes it
from the much less successful truncated configuration–
interaction (CI) theory,25 where all virtual excitations are
either described totally in terms of connected clusters or
else not described at all. For example, in the CI singles-
and-doubles (CISD) model, we ignore all virtual excita-
tions higher than the double excitations, arriving at the
following wave function [Eqn (16)]:

jCISDi ¼ jHFi þ
X
AI

CA
I jI ! Ai þ

X
ABIJ

CAB
IJ jIJ ! ABi

ð16Þ

Since the CISD model ignores all excitations involving
more than two electrons (even the dominant disconnected
excitations), it works much better for small electronic

jCCSDi ¼ jHFi þ
X
AI

X̂XA
I jHFi þ

X
ABIJ

ðX̂XAB
IJ þ X̂XA

I X̂X
B
J ÞjHFi

þ
X

ABCIJK

ðX̂XA
I X̂X

BC
IJ þ X̂XA

I X̂X
B
J X̂X

C
KÞjHFi

þ
X

ABCDIJKL

ðX̂XAB
IJ X̂XCD

KL þ X̂XA
I X̂X

B
J X̂X

CD
KL þ X̂XA

I X̂X
B
J X̂X

C
KX̂X

D
L ÞjHFi þ � � �

ð15Þ

Figure 1. The one-electron density in H2 on the molecular
axis, plotted for the uncorrelated state j1�2

gi to the left and
for the correlated state j1�2

gi � 0:11j1�2
ui to the right

(atomic units)
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systems, where disconnected excitations are less impor-
tant, than in larger systems. By contrast, the truncated
coupled-cluster model in Eqs (14) and (15) works equally
well for small and large systems, owing to its ability to
describe simultaneous but independent virtual excitations
as products of connected clusters.

At the limit of no truncation, the coupled-cluster
wave function Eqn (13) becomes equivalent to the CI
wave function without truncation, that is, to the FCI wave
function [Eqn (17)]:

jFCIi ¼ jHFi þ
X
AI

CA
I jI ! Ai þ

X
ABIJ

CAB
IJ jIJ ! ABi

þ
X

ABCIJK

CABC
IJK jIJK ! ABCi þ � � � ð17Þ

At this limit, the coupled-cluster and CI wave functions
differ only in their parameterization and, in this special
case, the simple linear CI parameterization Eqn (17) is
preferable to the more complicated nonlinear coupled-
cluster parameterization Eqn (13).

Coupled-cluster hierarchy of wave functions. By
truncating the FCI expansion in the coupled-cluster
representation Eqn (13) at different excitation levels,
we arrive at the standard coupled-cluster hierarchy of
wave functions. At the lowest level of this hierarchy, we
have the uncorrelated Hartree–Fock model, with no
virtual excitations. Next, by allowing all single excita-
tions to occur out of the Hartree–Fock state, we obtain the
coupled-cluster singles (CCS) description. However, be-
cause of the variational property of the Hartree–Fock
state Eqn (5), the singles amplitudes in the CCS wave
function are all zero, making this level of theory of no
interest to us here1 (although it does play a role in the
calculation of some molecular properties26). Therefore,
the first nontrivial coupled-cluster model is the CCSD
model Eqn (14), in which all possible single and double
excitation operators are included. We note that, because
of the presence of the double excitations, the single-
excitation amplitudes are non-zero in the CCSD wave
function, unlike in the CCS wave function.

At the CCSD level of theory, we describe the most
important virtual processes in the electronic system, that
is, all virtual double excitations and all products of such
excitations. At this level of theory, the errors in the
electronic energy and in other molecular properties are
typically reduced by a factor of three or four relative to
the Hartree–Fock description. This is obviously a sig-
nificant improvement on our original description but it is
rarely sufficient for a quantitative description of the
molecular system.

At the next level of approximation, we introduce
connected triple excitations, thereby arriving at the
coupled-cluster singles-doubles-and-triples (CCSDT)
model.27,28 At this level of theory, the errors are reduced
by a further factor of three or four, which means that the

CCSDT model is about an order of magnitude more
accurate than the Hartree–Fock model. Indeed, this
accuracy is often but by no means always sufficient for
a full agreement with measurements (within experimen-
tal error bars).29 If not, further improvements are possi-
ble, in principle, at least, if not always in practice, by
including in our description the connected quadruple
excitations at the CCSDTQ level of theory,30 the con-
nected quintuple excitations at the CCSDTQ5 level of
theory,31 and so on.

Because of the complexity of the coupled-cluster wave
function, it is usually not determined variationally (i.e. by
minimizing the expectation value of the Hamiltonian) but
rather by a related nonvariational projection technique,1

which we do not describe here except to note that the
energy does become variational in the FCI limit. As a
result, the truncated coupled-cluster energy does not
constitute a strict upper bound to the exact energy. In
practice, this does not matter much since the coupled-
cluster energy is anyway a rather accurate, small correc-
tion to the Hartree–Fock electronic energy (which does
represent an upper bound) and since the coupled-cluster
energy does approach the variational FCI energy as
progressively higher-order excitations are included in
the description.

Although the coupled-cluster hierarchy converges
fairly rapidly with the increasing excitation level (with
about an order of magnitude higher accuracy gained at
every second level), it rapidly becomes expensive.10

Formally, the cost of the coupled-cluster model is propor-
tional to K2mþ2, where K is the number of atoms (as a
measure of the size of the system) and m is the order of
the highest connected clusters included in the description
(m ¼ 2 for CCSD, m ¼ 3 for CCSDT, etc.). In practice,
this means that we can apply the CCSD model to rather
large systems, containing tens of atoms, but that the
CCSDT model is too expensive for systems containing
more than a few atoms. We note, however, that with the
recent developments in linear-scaling techniques,12–18

the cost is dramatically reduced for large systems, mak-
ing it possible to carry out coupled-cluster calculations on
large molecules.17

Perturbative treatments of the coupled-cluster
amplitudes. To reduce the cost and thereby extend
the application range of coupled-cluster theory, the am-
plitudes of the cluster operators are sometimes deter-
mined not by projection (which is an iterative process)
but by a non-iterative perturbation technique. At the
lowest level of approximation, this approach leads to
the second-order Møller–Plesset (MP2) model,1 which
could be viewed as a perturbative alternative to the CCSD
model. However, a fundamental problem with the
Møller–Plesset perturbation expansion is that, taken to
sufficiently high orders, it usually diverges, that is, unlike
the pure coupled-cluster method, it does not approach the
FCI limit as the description is refined.32,33
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In general, therefore, perturbation theory does not
constitute a useful alternative to coupled-cluster theory
when high accuracy is essential. Still, it is sometimes a
good idea to determine not all coupled-cluster amplitudes
but only those that characterize the highest connected
virtual excitations by perturbation theory. Thus, at the
CCSD(T) level of theory, we generate the connected
single and double amplitudes in the usual projective
manner of coupled-cluster theory but determine the
more expensive connected triple amplitudes by perturba-
tion theory.34 In this manner, the overall cost is reduced
from K8 for CCSDT to K7 for CCSD(T).10 Moreover,
whereas the CCSD(T) single and double amplitudes are
determined iteratively at cost K6, the K7 cost of the
perturbative triples is non-iterative. As we shall see,
this technique expands the application range of calcula-
tions with connected triples significantly, introducing an
error of about 10% in the triples description. However,
since the connected triples represent a rather small
correction to the CCSD description, this error is of little
significance. Moreover, the error incurred by the pertur-
bation treatment of the triples (as opposed to the full
coupled-cluster treatment) is usually such that it cancels,
to some extent, the error incurred by omitting the con-
nected quadruples and higher excitations from our de-
scription. In fact, as a result of this error cancellation, the
CCSD(T) model often performs better than the more
expensive CCSDT model; see, for instance, Ref. 35.

In a similar manner, we may view the inexpensive
MP2 model (cost K5) as an approximation to the CCSD
model (cost K6) where the highest-order amplitudes are
determined by perturbation theory. Again, there is an
element of error cancellation in the MP2 model that often
compensates for its cruder description of the electronic
structure, making it an inexpensive and useful but some-
what erratic alternative to the CCSD model.1

Example: the coupled-cluster calculation of the
atomization energy of CO. To illustrate the conver-
gence of the coupled-cluster hierarchy, we consider the
calculation of the atomization energy of CO. In Table 1,
we have listed the contributions to the atomization
energy at different levels of coupled-cluster theory. The

atomization energy is obtained by subtracting the energy
of CO from the sum of the energies of the constituent
atoms; in the table, the molecular and atomic energies are
listed separately.

We first note that the atomization energy constitutes
less than 1% of the total electronic energy. Clearly,
for chemical accuracy in the calculated atomization
energy [i.e. error less than about 1 kcal mol�1 (1 kcal¼
4.184 kJ)], the separate atomic and molecular contribu-
tions must be calculated to a high precision. Moreover,
upon atomization, the electronic structure changes dra-
matically from a strongly correlated closed-shell mole-
cular system consisting of paired valence electrons to a
weakly correlated open-shell atomic system containing
unpaired valence electrons. Therefore, for a quantitative
treatment of such processes, electron correlation must be
described accurately. Thus, whereas the Hartree–Fock
model contributes 99.5% of the total electronic energy of
CO, it contributes only 67% to the atomization energy.
Similarly, the doubles contribute only 0.5% to the energy
of CO but 30% to the atomization energy, whereas the
triples contribute a minute 0.01% to the total energy but
as much as 3% to the atomization energy of CO.

Nevertheless, the coupled-cluster convergence is rapid,
the error being reduced by an order of magnitude with
each new excitation level. Indeed, at the CCSD(T) level
of theory, the contributions from molecular vibrations
and from relativity appear to be more important than the
contributions from the neglected higher-order excitation
levels. We shall return to this point later, when we exa-
mine the calculation of atomization energies more closely
under the section on Atomization energies. At present, we
are content to observe that the coupled-cluster hierarchy
does seem to work and turn our attention instead to an
important point that we have so far glossed over: the
basis-set requirements of coupled-cluster theory. We note
that the results in Table 1 are definite in the sense that
they correspond to those obtained in an infinitely large
basis set (i.e. in a complete virtual excitation space). In a
finite basis, very different values are obtained, as we shall
see shortly.

One-particle space and correlation-consistent
basis sets

Gaussian basis functions. The many-electron wave
functions discussed in this paper are expanded in a set of
orthonormal one-electron functions or molecular orbitals
(MOs): the occupied MOs and the virtual MOs. The
occupied MOs are those from which the Hartree–Fock
wave function Eqn (4) is constructed; the virtual MOs
are those into which electrons are excited in the coupled-
cluster wave function Eqn (14). Each of these MOs
is constructed from a set of atomic orbitals (AOs),
which are usually taken to be a finite set of simple
analytical functions, centered on the atomic nuclei,1

Table 1. Calculation of the atomization energy of the CO
molecule (kJmol�1). All calculations have been carried out at
the optimized CCSD(T)/cc-pCVQZ bond distance of
112.9 pm.8 The experimental atomization energy is
1071.8 kJmol�1 (see Table 7)

EC þ EO � ECO ¼ DCO Error

HF �98964:9 � 196437.1 þ 296132.2 ¼ 730:1 �341:7
SD �388:4 � 639.6 þ 1350.2 ¼ 322:1 �19:6
(T) �7:7 � 11.9 þ 54.2 ¼ 34:6 15:0
Vib. 0:0 þ 0.0 � 12.9 ¼ �12:9 2:1
Rel. �40:1 � 139.0 þ 177.1 ¼ �2:0 �0:1
Total �99401:1 � 197227.6 þ 297700.8 ¼1071:9
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typically fixed combinations of Gaussian orbitals of the
form in Eqn (18):36

GijkðrA; �Þ ¼ xiAy
j
Az

k
Aexpð��r2

AÞ ð18Þ

where i, j and k are non-negative integers, � is a positive
real number, and rA is the position of the electron
relative to nucleus A. Letting �pðrÞ be the spatial
part of the spin orbital �PðxÞ, we expand this MO as
Eqn (19):

�pðrÞ ¼
X
�

C�p	�ðrÞ ð19Þ

where the 	�ðrÞ are the AOs. For an accurate description
of the electronic system, we must have a large set of such
AOs to ensure an accurate representation of the occupied
MOs and also to create a large virtual space so as to
recover a large proportion of the correlation energy,
which is here taken to be the difference between the
exact non-relativistic energy in a complete one-electron
basis and the Hartree–Fock energy in the same basis.

In molecular calculations, the wave function is con-
structed from standard collections or sets of atom-
centered AOs, obtained from atomic calculations.37,38

The question then arises as to what AOs should be
included in the basis set so as to provide an optimal
description of the electronic system for a given number of
AOs. It turns out that the basic principles underlying the
construction of basis sets for correlation energies can be
learned from studies of the ground-state two-electron
helium atom.

Principal expansion and explicitly correlated
methods. From calculations on the helium atom, it is
known that each atomic orbital makes a contribution to
the correlation energy that, to a good approximation,
depends only on its principal quantum number n and is
proportional to n�6 [Eqn (20)]:39,40

"nlm / n�6 ð20Þ

In other words, all orbitals that belong to the same shell
contribute the same amount of correlation energy. This
observation leads us to the concept of the principal
expansion, according to which we include in our descrip-
tion all AOs belonging to the same shell simultaneously,
in order of increasing quantum number n.1 Since each
added shell contains n2 orbitals, it contributes the amount
of correlation energy shown in Eqn (21):

"n / n2n�6 ¼ n�4 ð21Þ

thereby ensuring the fastest possible convergence to the
basis-set limit of the correlation energy (i.e. to the
correlation energy in the limit of a complete set of
orbitals).

Let us now assume that we have carried out a calcula-
tion on the helium atom where we have included all
shells n � X, where X is known as the cardinal number of
the basis set. We first note that the number of AOs in the
basis set is proportional to the cardinal number cubed
[Eqn (22)]:

NX ¼
XX
n¼1

n2 / X3 ð22Þ

Next, we estimate the error in the correlation energy by
adding together the contributions from all omitted shells
[Eqn (23)]:

�EX /
X1

n¼Xþ1

n�4 / X�3 ð23Þ

This result shows that the error in the correlation energy
is inversely proportional to the cardinal number cubed
and inversely proportional to the total number of AOs
�EX / N�1

X .41 This convergence is slow indeed, as illu-
strated in Fig. 2, where we have plotted the error in
the energy (on a logarithmic scale) as a function of the
number of determinants in the FCI expansion of the
wave function. As this plot shows, it is exceedingly
difficult to calculate the energy to an accuracy of
1 m Eh ¼ 2:625 kJ mol�1 (chemical accuracy) by
coupled-cluster theory, when the wave function is ex-
panded in products of orbitals as in Eqn (13).

The slow convergence of the correlation energy in
helium arises from a poor description of short-range
(dynamic) correlation in the orbital approximation.1

This deficiency of the orbital expansion is illustrated in
Fig. 3, where we have plotted the wave function on a
circle of radius 0.5 a0 about the nucleus, with one
electron fixed at the origin of the plot. Whereas the first
derivative of the exact wave function changes sign dis-
continuously at the point of coalescence, the app-
roximate orbital-based wave function changes smoothly

Figure 2. Error in the energy of the ground-state helium
atom ðEhÞ on a logarithmic scale as a function of the number
of included terms in the standard CI expansion, in the CI–
R12 expansion, and in the Hylleraas expansion
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and overestimates the probability of coalescence, for all
cardinal numbers.

To improve basis-set convergence and provide a cor-
rect description of the wave function at small interelec-
tronic distances, we can use explicitly correlated wave
functions, where the interelectronic distances rij are used
as variables.1 In Fig. 2, we have plotted the error in the
energy for wave functions where the r12 term is included
linearly (CI–R12) and to arbitrary powers (the Hylleraas
function). Clearly, the explicitly correlated methods, in
particular, the Hylleraas expansion,42 converge much
more rapidly to the basis-set limit than does the orbital-
based expansion. Whereas the generalization of the
Hylleraas wave function to molecular systems has proved
very difficult, the linear R12 method has been generalized
to such systems in the form of MP2-R1243 and CCSD-
R1244 theories and is used on several occasions in this
paper for benchmarking of the standard orbital-based
coupled-cluster method.

Correlation-consistent basis sets. A practical reali-
zation of the principal expansion for many-electron sys-
tems are the correlation-consistent basis sets.45–48 In these
basis sets, atomic energy-optimized orbitals are added to
the basis, one shell at a time in the sense of the principal
expansion, so as to ensure the fastest possible convergence
of the correlation energy to the basis-set limit. The series
begins with the correlation-consistent valence double-zeta
basis set cc-pVDZ, of cardinal number X ¼ 2 and with 14
AOs of composition 3s2p1d for first-row atoms such as
carbon. Increasing the cardinal number, we have the
triple-zeta cc-pVTZ basis set with 30 AOs of composition
4s3p2d1f, the quadruple-zeta cc-pVQZ basis sets with 55
AOs of composition 5s4p3d2f1g, and so on. In general,
the cc-pVXZ basis of cardinal number X contains
1
3
ðX þ 1ÞðX þ 3

2
ÞðX þ 2Þ AOs.

The correlation-consistent cc-pVXZ basis sets are de-
signed for correlation of the valence electrons, which is
often sufficient for a qualitative description of the electro-
nic system (noting that most chemical processes involve
mainly rearrangements of the electronic structure in the
valence region). However, for an accurate description of
chemical processes, it is usually necessary to correlate all
the electrons, even those in the core. For such calculations,
the correlation-consistent core–valence cc-pCVXZ basis
sets have been developed,49,50 in which the cc-pVXZ basis
sets are augmented with compact Gaussians (i.e. Gaus-
sians with large exponents). Likewise, for a flexible
description of the outer valence region, we can use the
aug-cc-pVXZ or aug-cc-pCVXZ basis sets,47,51 where
diffuse functions (i.e. Gaussians with small exponents)
have been added. For an overview over the correlation-
consistent basis sets, see Table 2.

To illustrate the convergence of the correlation energy
with the cardinal number, we have, in Table 3, listed the
contributions to the atomization energy of CO for differ-
ent core–valence basis sets. As expected, the correlation
energy converges very slowly, in particular, for the domi-
nant double excitations. In fact, chemical accuracy (i.e. an
error of the order of 1 kcal mol�1) requires a total of 230
AOs on each atom. We note, however, that the Hartree–
Fock and triple-excitation contributions are less of a
problem, converging to chemical accuracy much earlier.

Basis-set extrapolation. Although the convergence
of the correlation energy with respect to the cardinal
number is excruciatingly slow, it is at the same time
smooth. In particular, from our discussion of the principal
expansion, we expect the correlation energy calculated
with cardinal number X to be related to the correlation
energy in the basis-set limit as in Eqn (24):

E1 ¼ EX þ AX�3 ð24Þ

Figure 3. The ground-state helium wave function plotted on a circle of radius 0.5a0 about the nucleus with one electron fixed
at the origin of the plot. The dotted and full black lines represent the Hartree–Fock and Hylleraas wave functions, respectively.
The full grey lines represent the FCI wave functions generated using the correlation-consistent basis sets cc-pVXZ

Table 2. Composition of the correlation-consistent valence cc-pVXZ basis sets with NV AOs for first-row atoms, the core–
valence cc-pCVXZ basis sets with NCV AOs, and the augmented basis sets aug-cc-pVXZ basis sets with Naug AOs

X cc-pVXZ NV cc-pCVXZ NCV aug-cc-pVXZ Naug

D 3s2p1d 14 þ 1s1p 18 þ 1s1p1d 23
T 4s3p2d1f 30 þ 2s2p1d 43 þ 1s1p1d1f 46
Q 5s4p3d2f1g 55 þ 3s3p2d1f 84 þ 1s1p1d1f1g 80
5 6s5p4d3f2g1h 91 þ 4s4p3d2f1g 145 þ 1s1p1d1f1g1h 127
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Carrying out two different calculations with cardinal
numbers X and X � 1, we can eliminate A from this
equation to obtain the two-point extrapolation formula in
Eqn (25) for the correlation energy in the basis-set
limit:52,53

E1 ¼ X3EX � ðX � 1Þ3
EX�1

X3 � ðX � 1Þ3
ð25Þ

To illustrate the usefulness of this formula, in Table 4 we
have listed the errors in the electronic energy with and
without extrapolation. At the triple-zeta level, extrapola-
tion reduces the error in the energy by a factor of three;
for higher cardinal numbers, the error is reduced by an
order of magnitude. Applied to the atomization energy of
CO, we now find that chemical accuracy is achieved with
just 168 AOs at the cc-pCV(TQ)Z level of theory, at a
fraction of the cost, see Table 5. The notation cc-
pCV(TQ)Z is used here for results obtained by applying
the two-point extrapolation formula Eqn (25) to the
results obtained separately with the cc-pCVTZ and cc-
pCVQZ basis sets.

Two-dimensional chart of orbital-based
quantum chemistry

We have seen that the quality of quantum-chemical
calculations are determined by, on the one hand, the
description of the N-electron space (the wave-function

model) and, on the other hand, the quality of the one-
electron space (basis set). More specifically, in orbital-
based coupled-cluster theory, the accuracy is determined
by the excitation level of the calculation, which deter-
mines the highest connected excitations included in the
wave function, and by the cardinal number, which deter-
mines the flexibility of the virtual excitation space. To
approach the exact solution, we must increase, in some
systematic manner, both the excitation level and the
cardinal number, see Fig. 4, which constitutes the two-
dimensional chart of orbital-based quantum chemistry.
Moreover, such extensions should be carried out in a
balanced manner. Thus, for high accuracy, it is useless to
increase the excitation level to include all electrons if the
cardinal number is kept equal to two. Conversely, high
accuracy cannot be achieved by increasing the cardinal
number to achieve basis-set convergence if no higher
than connected double excitations are allowed in our
description. In the next section, we shall explore the
two-dimensional chart of Fig. 4, so as to develop an
understanding of what levels of theory are necessary to
achieve a given level of accuracy in non-relativistic
orbital-based quantum chemistry.

Table 4. Mean absolute errors ðmEhÞ in the calculated
CCSD(T)/cc-pCVXZ electronic energiesa of CH2, H2O, HF,
N2, CO, Ne and F2 relative to experimental energies.b The
extrapolated energies have been obtained from the plain
energies by using Eqn (25)

DZ TZ QZ 5Z 6Z R12

Plain 194.8 62.2 23.1 10.6 6.6 1.4
Extr. 21.4 1.4 0.4 0.5

a All calculations have been carried out at the optimized all-electron
CCSD(T)/cc-pCVQZ geometry.
b The experimental energies have been obtained from experimental
dissociation energies and estimated total atomic energies as discussed in
Ref. 54.

Table 5. Basis-set errors in the atomization energy of CO
(kJmol�1), calculated at the CCSD(T)/cc-pCVXZ level of
theory relative to the R12 method. The extrapolated
CCSD(T) energies have been obtained from the plain en-
ergies by using Eqn (25)

DZ TZ QZ 5Z 6Z

Plain �73:5 �28:3 �11:4 �6:0 �3:5
Extr. �18:5 �0:7 0:0 0:0

Table 3. Basis-set convergence of the different CCSD(T)
contributions to the electronic part of the atomization
energy of CO (kJmol�1), calculated at the CCSD(T)/cc-
pCVQZ bond distance of 112.9 pm

Nbas HF SD (T) CCSD(T) Error

cc-pCVDZ 36 710.2 þ 277.4 þ 24.5 ¼ 1012.1 �74:8
cc-pCVTZ 86 727.1 þ 297.3 þ 32.6 ¼ 1057.0 �29:9
cc-pCVQZ 168 730.3 þ 311.0 þ 33.8 ¼ 1075.1 �11:8
cc-pCV5Z 290 730.1 þ 316.4 þ 34.2 ¼ 1080.7 �6:2
cc-pcV6Z 460 730.1 þ 318.8 þ 34.4 ¼ 1083.3 �3:6
Limit 1 730.1 þ 322.1 þ 34.6 ¼ 1086.9 0:0

Figure 4. Two-dimensional chart of quantum chemistry
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APPLICATIONS

Having outlined the theory of orbital-based coupled-
cluster theory in the previous section, we now go on to
apply this theory to the calculation of some properties of
molecular systems and their reactions, such as atomiza-
tion energies, reaction enthalpies, bond distances and
vibrational spectroscopic constants. For all properties,
our emphasis is on what level of theory in the two
dimensional chart of Fig. 4 is needed to achieve an
accuracy in the calculations comparable to that of experi-
mental measurements (chemical accuracy). We shall pay
special attention to one particularly troublesome aspect of
quantum-chemical calculations: namely, cancellation of
errors, which often leads to a fortuitous agreement with
experimental measurements. Whenever possible, we
shall aim to avoid such (often erratic) cancellations,
thereby arriving at the ‘right answer for the right reason’.

Atomization energies

In this section, we consider the equilibrium atomization
energy, which, for a given molecule, represents the
difference between the energy of its constituent atoms
in their electronic ground-state level EAð2Sþ1LÞ and the
molecular equilibrium ground-state electronic energy
EðReÞ [Eqn (26)]:

De ¼
X
A

EAð2Sþ1LÞ � EðReÞ ð26Þ

We carried out comparisons with experiment (corrected
for vibrations and relativity) at various levels of theory
for the 17 closed-shell organic molecules listed in Table 7
(except HOF, which has been omitted for reasons ex-
plained later).8 All calculations were carried out at the
optimized all-electron CCSD(T)/cc-pCVQZ equilibrium
geometry.

Since electron pairs are broken upon atomization, the
atomization energy is a difficult property to calculate
precisely, requiring an accurate treatment of electron
correlation as noted in our discussion of the atomization

energy of CO. The Hartree–Fock model, which ignores
the effects of electron correlation, therefore performs
very poorly, underestimating atomization energies by
typically 40%. In Fig. 5, where we have plotted the
mean errors and standard deviations in the atomization
energies relative to experiment, the Hartree–Fock values
have therefore been omitted so that the details in the
performance of the more accurate MP2, CCSD and
CCSD(T) models are not lost.

From Fig. 5, we note that the atomization energies
increase with the cardinal number, for all N-electron
models. This systematic behavior can be understood
from the more general observation that, with an increase
in the basis set, the energy is always lowered most for
systems of low electronic energy,1 that is, the difference
in the energy between two systems (such as a molecule
and its constituent atoms) always increases upon basis-set
extension.

Next, concerning the N-electron description, we note
that atomization energies in general increase with in-
creasing excitation level in the coupled-cluster hierarchy:
HF<CCSD<CCSD(T)<MP2. The failure of the MP2
model to fit this simple scheme follows from the fact that
its double excitation amplitudes are determined perturba-
tively, which typically leads to an overestimation of the
amplitudes relative to a full CCSD treatment.

In passing, we note the error cancellation at the MP2/
cc-pCVTZ level of theory in Fig. 5. In general, such error
cancellations, which are ubiquitous in quantum chemis-
try, occur since the errors arising from a poor N-electron
description (here the approximate treatment of the dou-
bles) and from the use of a too small basis set (here a
triple-zeta basis) are often of opposite signs. Conse-
quently, any improvement either in the N-electron de-
scription or in the one-electron description will typically
result in a poorer agreement with experiment. Computa-
tional models with large error cancellations should there-
fore either be avoided or at least be treated with caution.

Concerning the agreement with experiment, we note
that the mean absolute cc-pcV6Z errors are 423.0, 36.2,
37.2 and 4.6 kJ mol�1, respectively, at the Hartree–Fock,
MP2, CCSD and CCSD(T) levels of theory.8 (The cc-
pcV6Z results were obtained from the valence-electron

Figure 5. Mean errors and standard deviations relative to experiment in all-electron calculations of atomization energies
(kJmol�1) in the cc-pCVXZ basis sets with 2 � X � 6
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cc-pV6Z results, with core corrections calculated in the
cc-pCV5Z basis.) Clearly, the CCSD(T) model is the only
model capable of chemical accuracy, although we note
that the double- and triple-zeta basis sets are too small,
the CCSD(T)/cc-pCVXZ mean errors being �103:3,
�34:9, �14:3, �7:4 and �4:6 kJ mol�1, respectively,
for 2 � X � 6.8 These relationships are visualized in
Fig. 6, where we have plotted the normal distributions
of the errors in the calculated atomization energies
relative to experiment. Clearly, to take full advantage of
the CCSD(T) model, basis sets of at least cc-pCVQZ
quality should be used, CCSD(T)/cc-pCVDZ calcula-
tions being meaningless except for comparison with
models that include higher excitation levels.

In the section on the one-particle space and correlation-
consistent basis sets, we saw that the calculated atomiza-
tion energies converge very slowly to the basis-set limit
because of errors in the description of short-range inter-
actions. To accelerate convergence, we may apply the
two-point extrapolation formula Eqn (25). As seen from
Table 6, chemical accuracy is now achieved with the cc-
pCVQZ basis. In Fig. 7, we plotted the normal distribu-
tions with and without such extrapolations, illustrating
the dramatic improvement in the accuracy of the calcu-
lated atomization energies observed upon extrapolation.
The two-point extrapolation is used in the W1 method of
Martin and co-workers55,56 and included in Gaussian 03.57

In Table 7, calculated and experimental atomization
energies, corrected for the effects of relativity and vibra-
tional motion, are listed. In the largest basis set, the errors
in the calculated atomization energies are larger than
2.2 kJ mol�1 only for O3 and HOF. While the discrepancy
for O3 arises from an inadequate treatment of the multi-
configurational electronic structure of this molecule at the
CCSD(T) level of theory, the discrepancy for HOF is
related to an error in the NIST–JANAF tables.58 Because
of this error, HOF was omitted from our statistical analysis.

Since most of the changes in the electronic structure
of a molecular system upon atomization occur in the
valence region, it is tempting to calculate the atomization
energies by ignoring core correlation. Still, for agreement
with experiment to within chemical accuracy, core corre-
lation cannot be neglected, contributing as much as
4.8 kJ mol�1 for CO and 10.8 kJ mol�1 for C2H2.

1 These
core contributions were estimated in the cc-pCV5Z basis,
by comparing the atomization energies obtained with and
without core correlation.

To some extent, the excellent performance of the
CCSD(T) model observed in Table 7 arises from error
cancellation.29 As seen from Table 8, relaxation of
the triples contribution from the perturbative treatment
at the CCSD(T) level to the full coupled-cluster treatment
at the CCSDT level reduces the atomization energies,
making the agreement with experiment poorer.35 How-
ever, inclusion of the quadruples in the CCSDTQ model
increases the atomization energies again, making the
agreement even better than at the CCSD(T) level of
theory.29 We conclude that the rigorous calculation of
atomization energies to chemical accuracy requires a
treatment of the electronic structure at the CCSDTQ/cc-
pCV6Z level of theory.

The error in the CCSD(T) triples contribution incurred
by treating the connected triples by perturbation theory is
fairly large (about 10% of the full triples contribution) but

Figure 6. Normal distributions of errors in atomization energies (kJmol�1), calculated with all electrons correlated

Table 6. Mean errors in the CCSD(T)/cc-pCVXZ atomization
energies (kJmol�1) relative to experiment. The extrapolated
atomization energies were obtained from the plain energies
by using Eqn (25)

DZ TZ QZ 5Z 6Z

Plain �103:3 �34:9 �14:3 �7:4 �4:7
Extr. �16:2 �1:1 �0:6 �0:9
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is partly cancelled by the neglect of quadruples. Indeed,
this situation is rather similar to that of the perturbative
treatment of the connected doubles at the MP2 level of
theory relative to the full CCSD treatment.

Reaction enthalpies

A property closely related to atomization energies are
reaction enthalpies. In this section, we consider

�rH
�
e ð0 KÞ, which represents the difference between

the molecular equilibrium ground-state electronic ener-
gies of the products and of the reactants [Eqn (27)]:

�rH
�
e ð0 KÞ ¼

X
P

EPðReÞ �
X
R

ERðReÞ ð27Þ

We restrict ourselves to isogyric reactions, in which the
number of paired electrons is conserved. For such reac-
tions, we expect the coupled-cluster hierarchy to perform

Figure 7. Normal distributions of the errors in the calculated all-electron CCSD(T)/cc-pCVXZ atomization energies (kJmol�1)
without extrapolation (full line) and with two-point extrapolation (dotted line)

Table 7. Non-relativistic calculated and experimental electronic atomization energies with calculated vibrational and relativistic
correctionsa (kJmol�1). The Hartree–Fock atomization energies were calculated in the cc-pV6Z basis; the correlated atomization
energies were calculated with two-point extrapolation, at the all-electron cc-pcV(56)Z level. All calculations were carried out at
the optimized all-electron CCSD(T)/cc-pCVQZ geometry

Non-relativistic electronic atomization energy
Vib. Rel.

Molecule HF MP2 CCSD CCSD(T) Exp. corr. corr.

F2 �155.3 185.4 128.0 161.1 163.4(06) �5:5 �3:3
H2 350.8 440.7 458.1 458.1 458.0(00) �26:0 0:0
HF 405.7 613.8 583.9 593.3 593.2(09) �24:5 �2:5
O3 �238.2 726.6 496.1 605.5 616.2(17) �17:4 �3:9
HOF 230.4 695.0 627.5 662.9 674.9(42) �35:9 �3:5
CH2ð1A1Þ 531.1 740.8 749.4 757.9 757.1(22) �43:2 �0:7
HNO 331.6 897.2 816.8 860.4 861.5(03) �35:8 �2:1
N2 482.9 1010.6 913.9 954.9 956.3(02) �14:1 �0:6
H2O 652.3 996.1 960.2 975.5 975.3(01) �55:4 �2:1
CO 730.1 1145.8 1052.3 1086.9 1086.7(05) �12:9 �2:0
NH3 841.2 1248.6 1230.7 1247.4 1247.9(04) �89:0 �1:1
HCN 833.5 1363.5 1271.3 1311.0 1312.8(26) �40:6 �1:4
CH2O 1078.2 1611.5 1533.8 1568.0 1566.6(07) �69:1 �2:7
CO2 1033.4 1745.2 1573.6 1633.2 1632.5(05) �30:3 �4:2
C2H2 1229.1 1742.5 1661.0 1697.1 1697.8(10) �68:8 �1:9
CH4 1374.1 1753.1 1747.0 1759.4 1759.3(06) �115:9 �1:2
C2H4 1793.9 2379.3 2328.9 2360.8 2359.8(10) �132:2 �2:1

a For vibrational and electronic corrections, see Ref. 1.

Table 8. Coupled-cluster atomization energies (kJmol�1)

CCSD(T) CCSDT CCSDTQ Experiment

cc-pCV(56)Z cc-pCV(Q5)Z cc-pVTZa De D0

CH2 757.9 �0.9 758.9 0:1 759.3 0.5 758.8 714.8 � 1.8
H2O 975.3 0.1 974.9 �0:3 975.7 0.5 975.2 917.8 � 0.2
HF 593.2 0.0 593.0 �0:2 593.6 0.4 593.2 566.2 � 0.7
N2 954.7 �1.6 951.3 �5:0 955.2 �1.1 956.3 941.6 � 0.2
F2 161.0 �2.4 159.6 �3:8 162.9 �0.5 163.4 154.6 � 0.6
CO 1086.7 0.0 1084.4 �2:3 1086.7 0.0 1086.7 1071.8 � 0.5

a The CCSDTQ values have been obtained from the CCSDT/cc-pCV(Q5) results by adding quadruples corrections calculated in the cc-pVTZ basis.
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better than for atomization energies,8 where the number
of paired electrons changes. Indeed, for the isogyric
reactions in Table 9, the mean absolute errors in the
calculated reaction enthalpies are 43.0, 13.5, 14.5 and
1.9 kJ mol�1,8 respectively, for the Hartree–Fock, MP2,
CCSD and CCSD(T) models, significantly smaller than
the corresponding atomization-energy errors of 423.0,
36.2, 37.2 and 4.6 kJ mol�1, respectively. The improve-
ment in performance is particularly striking for the
Hartree–Fock model, which for reaction enthalpies gives
errors that are only three times larger than those obtained
with the MP2 and CCSD models. Nevertheless, for
chemical accuracy, we still need to take into account
the effect of connected triples.

Also the basis-set convergence is faster for isogyric
reaction enthalpies than for atomization energies.8 From
the mean absolute CCSD(T) errors in Tables 6 and 10, we
note that whereas a quadruple-zeta basis with extrapola-
tion is needed for convergence of the atomization en-
ergies to chemical accuracy, the reaction enthalpies are
converged already in the triple-zeta basis without extra-
polation. In Fig. 8, the normal distribution of errors in the
calculated reaction enthalpies are plotted, illustrating the
errors that arise at different levels of theory.

Hydrogen-bonding interaction energies

Having discussed the large energy changes associated
with the breaking and making of covalent bonds, let us
now consider briefly the much smaller changes that occur
as a result of hydrogen bonding. Listed in Table 11 are
the mean errors in the interaction energies of ðH2OÞ2,
ðHFÞ2, ðHClÞ2, HF � H2O and HF � HCN, calculated at the
MP2/aug-pVXZ levels of theory relative to MP2-R12
theory.59 All calculations were carried out at the
CCSD(T)/aug-cc-pVTZ optimized geometries of the di-
mers, using the experimental geometries for the mono-
mers. For comparison, we note that the total MP2-R12
interaction energies are �7:0, �3:6, �13:5, �12:0 and
�7:8 mEh, respectively, for ðH2OÞ2, ðHFÞ2, ðHClÞ2,
HF � H2O and HF � HCN.

A common problem with the calculation of interaction
energies, in particular small interaction energies, is the
basis-set superposition error.1 Naively, we would calcu-
late the interaction energy by subtracting the energies
calculated for the monomers (separately, in the basis of
each monomer) from the energy calculated for the dimer.
However, in such a calculation, the dimer is represented
in a larger basis than are the monomers, increasing the
interaction energy beyond what would be obtained if all
calculations had been carried out in the same basis. A
better strategy is therefore to calculate the energy of each
monomer in the full dimer basis, thereby ensuring a more
uniform description of the constituent atoms in the dimer
and in the separate monomers.60,61 An interaction energy
obtained in this manner is said to be counterpoise (CP)
corrected. The CP correction to the interaction energy,
that is the difference between the corrected and plain
interaction energies, is always positive for variational wave
functions (and in practice also for non-variational ones).

Table 9. Non-relativistic calculated and experimental electronic reaction enthalpies with calculated vibrational and relativistic
correctionsa (kJmol�1). The Hartree–Fock reaction enthalpies were calculated in the cc-pV6Z basis; the correlated reaction
enthalpies were calculated with two-point extrapolation, at the all-electron cc-pcV(56)Z level. All calculations were carried out
at the optimized all-electron CCSD(T)/cc-pCVQZ geometry

Non-relativistic electronic reaction enthalpy
Vib. Rel.

Reaction HF MP2 CCSD CCSD(T) Exp. corr. corr.

CO þ H2 ! CH2O 2:7 �25:0 �23:4 �23:0 �21:8ð08Þ 30.2 0.7
N2 þ 3H2 ! 2NH2 �147:1 �164:4 �173:1 �165:5 �165:4(06) 86.1 1.6
C2H2 þ H2 ! C2H4 �214:1 �196:1 �209:7 �205:6 �203:9(12) 37.4 0.2
CO2 þ 4H2 ! CH4 þ 2H2O �242:0 �237:3 �261:3 �244:7 �245:3(08) 92.7 1.0
CH2O þ 2H2 ! CH4 þ H2O �246:5 �256:3 �257:2 �250:6 �251:9(09) 50.3 0.5
CO þ 3H2 ! CH4 þ H2O �243:8 �281:3 �280:5 �273:7 �273:8(08) 80.5 1.2
HCN þ 3H2 ! CH4 þ NH2 �329:3 �316:0 �332:0 �321:5 �320:3(27) 85.4 0.9
HNO þ 2H2 ! H2O þ NH2 �460:3 �466:0 �457:8 �446:3 �445:6(06) 56.7 1.0
C2H2 þ 3H2 ! 2CH4 �466:6 �441:6 �458:6 �447:4 �446:7(13) 85.2 0.4
CH2 þ H2 ! CH4 �492:2 �571:6 �539:5 �543:4 �544:2(22) 46.8 0.4
F2 þ H2 ! 2HF �616:0 �601:4 �581:7 �567:3 �564:9(12) 17.6 1.6
2CH2 ! C2H4 �731:8 �897:7 �830:1 �844:9 �845:7(31) 45.8 0.6
O3 þ 3H2 ! 3H2O �1142:7 �939:7 �1010:1 �946:6 �935:5(17) 72.5 2.3

a For vibrational and electronic corrections, see Ref. 1.

Table 10. Mean errors in the CCSD(T)/cc-pCVXZ reaction
enthalpies (kJmol�1) relative to experiment. The extrapo-
lated reaction enthalpies were obtained from the plain
energies by using Eqn (25)

DZ TZ QZ 5Z 6Z

plain 36:9 12:0 2:7 �0:3 �0:7
extr. �2:0 �2:1 �1:7 �1:2
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From Table 11, we see that the interaction energy
converges from below without the CP correction applied
but from above with this correction applied. Moreover,
for small basis sets, the CP correction increases the error
relative to the basis-set limit; for large basis sets, the CP
correction reduces the error. More importantly, the CP
correction makes the convergence smoother, as seen from
the large improvement upon extrapolation of the CP
corrected energies. By contrast, the uncorrected energies
are hardly improved by extrapolation.

To understand this behavior, we recall that the two-
point extrapolation formula Eqn (25) is designed to work
only for basis-set errors that arise from a poor description
of dynamic correlation. In the plain interaction energies,
the error is dominated by the superposition error, which is
not reduced by the extrapolation formula.59 By contrast,
in the CP corrected interaction energies, the basis-set
superposition error has been removed and the remaining
error arises from a poor description of dynamic cor-
relation. Application of Eqn (25) removes most of this
error, thereby accelerating convergence towards the
basis-set limit.

Two-electron Darwin term

In the previous sections, we have seen that atomization
energies and reaction enthalpies both converge as X�3.
Not all molecular properties converge in the same manner
with respect to the basis set, however. Consider, for
example, the expectation value of the two-electron
Darwin operator, Eqn (28):

V2D ¼ � 1

2
�2�

X
i6¼j

�ðrijÞ ð28Þ

which constitutes a part of the first-order relativistic
correction to the electronic energy. From Fig. 3, we recall
that the electronic wave function is particularly poorly
represented at points of electron coalescence, suggesting
a very slow convergence of the expectation value of this
operator. Indeed, in the principal expansion, the error in
the expectation value of the two-electron Darwin operator
is inversely proportional to the cardinal number
[Eqn (29)]:62,63

D2D
X ¼ D2D

1 þ CX�1 ð29Þ

In Table 12, we compare the convergence of the expecta-
tion value of the two-electron Darwin operator with and
without the use of the two-point extrapolation formula
Eqn (30),

D2D
1 ¼ XD2D

X � ðX � 1ÞD2D
X�1 ð30Þ

obtained by elimination of C from Eqn (29).62

Without extrapolation, convergence to the basis-set
limit is extremely slow, with errors as large as 28% in

Figure 8. Normal distributions of errors in reaction enthalpies (kJmol�1), calculated with all electrons correlated

Table 11. Mean errors in the hydrogen-bonding interaction
energies of ðH2OÞ2, ðHFÞ2, ðHClÞ2, HF � H2O and HF � HCN
calculated at the MP2/aug-pVXZ levels of theory ð�EhÞ, with
and without the CP correction and with and without extra-
polation using Eqn (25)

DZ TZ QZ 5Z

No-CP plain �26 �247 �222 �160
extr. �340 �263 �95

CP plain 988 420 188 104
extr. 181 19 15
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the cc-pV6Z basis; with extrapolation, the errors are
dramatically reduced to less than 5% in the cc-pVQZ
basis. These calculations nicely illustrate, on the one
hand, the very poor description of short-range interelec-
tronic interactions by determinantal wave functions and,
on the other, the very smooth convergence of these
interactions afforded by the principal expansion.

Dipole moments

Many properties of molecular systems can conveniently
be expressed in terms of derivatives of the electronic
energy with respect to some external parameter. The
dipole moment, for example, is obtained by differentiat-
ing the total energy with respect to the negative electric
field strength. If we assume that Eqn (24) and therefore
Eqn (25) is valid at all field strengths, we can differentiate
Eqn (25) with respect to the field strength to yield the
following formula for the dipole moment � in the limit of
an infinite basis [Eqn (31)]:64

�1 ¼ X3�X � ðX � 1Þ3�X�1

X3 � ðX � 1Þ3
ð31Þ

In Table 13, we used this formula to extrapolate to the
basis-set limit of the dipole moments of BH and HF,
calculated at the MP2, CCSD and CCSD(T) levels of
theory, comparing with the corresponding R12 values.64

The calculations in Table 13 indicate that dipole
moments converge in much the same manner as energies
and that two-point extrapolation at the quadruple-zeta
level reduces the error by about an order of magnitude. It
is worth noting, however, that extrapolation works best

when the basis set has been augmented with diffuse
functions.64 Without such functions added, the basis-set
errors are not dominated by dynamic correlation and
extrapolation is less effective. (In passing, we note that
diffuse functions are also needed for the R12 method.)
This situation is analogous to that of the interaction
energies of hydrogen-bonded systems, for which extra-
polation works well only when the calculated energies
have been CP corrected.

Bond distances

An important class of properties are the molecular
spectroscopic constants, related to nuclear displacements.
We begin the discussion of such properties by consider-
ing molecular equilibrium bond lengths in this subsection
and continue with force constants in the next subsection.

The mean errors for the 27 bond distances in Table 14,
calculated at the all-electron cc-pVXZ level of theory, are
illustrated in Fig. 9. In general, molecular equilibrium
bond lengths shorten with increasing cardinal number.1,9

This behavior can be understood from the general ob-
servation that basis-set extension always favors the sys-
tem with the lowest electronic energy. Since the pure
electronic energy (which does not include the nuclear–
nuclear repulsion energy) decreases as the internuclear

Table 12. Errors in the CCSD/cc-pVXZ expectation value of
the two-electron Darwin operator Eqn (28) relative to the
corresponding R12 values ð�EhÞ. The extrapolated values
were obtained by the two-point extrapolation formula
Eqn (30)

DZ TZ QZ 5Z 6Z R12

He plain �7:1 �9:8 �11:0 �11:7 �12:1 �14:1
extr. �15:1 �14:7 �14:5 �14:3

H2 plain �2:8 �3:5 �3:7 �3:9 �4:0 �4:4
extr. �4:9 �4:5 �4:5 �4:5

HF plain �28:2 �38:1 �48:3 �53:7 �57:3 �74:8
extr. �57:9 �78:9 �75:5 �75:3

Table 13. Mean MP2, CCSD and CCSD(T) errors (mea0)
relative to R12 theory for BH and HF. The extrapolated values
were obtained using Eqn (31)

DZ TZ QZ 5Z 6Z

cc-p(C)VXZ plain �14:7 �6:2 �2:3 �1:0 �0:8
extr. �2:7 0:6 0:4 �0:5

aug-cc-p(C)VXZ plain �15:8 �6:5 �2:7 �1:5 �0:9
extr. �2:7 0:1 �0:1 0:1

Table 14. Calculated and experimental bond distances
(pm).1,9 The calculations have been carried out in the cc-
pCVQZ basis with all electrons correlated

Molecule Bond HF MP2 CCSD CCSD(T) Exp.
distance

H2 RHH 73.4 73.6 74.2 74.2 74.1
HF RFH 89.7 91.7 91.3 91.6 91.7
H2O ROH 94.0 95.7 95.4 95.7 95.7
HOF ROH 94.5 96.6 96.2 96.6 96.6
H2O2 ROH 94.1 96.2 95.8 96.2 96.7
HNC RNH 98.2 99.5 99.3 99.5 99.4
NH3 RNH 99.8 100.8 100.9 101.1 101.1
N2H2 RNH 101.1 102.6 102.5 102.8 102.9
C2H2 RCH 105.4 106.0 106.0 106.2 106.2
HCN RCH 105.7 106.3 106.3 106.6 106.5
C2H4 RCH 107.4 107.8 107.9 108.1 108.1
CH4 RCH 108.2 108.3 108.5 108.6 108.6
N2 RNN 106.6 110.8 109.1 109.8 109.8
CH2O RCH 109.3 109.8 109.9 110.1 110.1
CH2 RCH 109.5 110.1 110.5 110.7 110.7
CO RCO 110.2 113.2 112.2 112.9 112.8
HCN RCN 112.3 116.0 114.6 115.4 115.3
CO2 RCO 113.4 116.4 115.3 116.0 116.0
HNC RCN 114.4 117.0 116.2 116.9 116.9
C2H2 RCC 117.9 120.5 119.7 120.4 120.3
CH2O RCO 117.6 120.6 119.7 120.4 120.3
N2H2 RNN 120.8 124.9 123.6 124.7 124.7
O3 ROO 119.2 127.6 124.1 126.6 127.2
C2H4 RCC 131.3 132.6 132.5 133.1 133.1
F2 RFF 132.7 139.5 138.8 141.1 141.2
HOF ROF 136.2 142.0 141.2 143.3 143.4
H2O2 ROO 138.4 144.3 143.1 145.0 145.6
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separation tends to zero, we conclude that bonds become
shorter with increasing cardinal number.

As expected, the bond-length shortening upon basis-set
extension is less pronounced for the Hartree–Fock model
(e.g. 0.8 pm from cc-pVDZ to cc-pVTZ) than for the
correlated models (1.6 pm for the same extension).1,65

This difference between the Hartree–Fock and correlated
models can be understood from the fact that, in the
Hartree–Fock model, the added orbitals only contribute
to charge polarization; in the correlated models, they also
improve the virtual excitation space.

From Fig. 9, we also note that bonds lengthen with
improvements in the N-electron model, being shortest at
the Hartree–Fock level. This behavior, which can be
understood from the fact that the correlated electrons
occupy antibonding as well as bonding orbitals, creates a
considerable scope for cancellation of basis-set and N-
electron errors. In the small cc-pVDZ basis, for example,
the simple CISD model and the third-order Møller–
Plesset (MP3) model have the smallest mean errors of
all methods, while the most elaborate models such as the
CCSD(T) and fourth-order Møller–Plesset (MP4) models
have the largest errors. However, as we increase the basis
set, the situation reverses as the CCSD(T) and MP4
models improve their performance while the CISD and
MP3 models do not. Figure 9 also illustrates the typical
oscillations of the Møller–Plesset series: bond lengths
shorten from MP2 to MP3 but lengthen from MP3 to
MP4.1

As seen from Fig. 9, the more accurate models should
always be used with basis sets of at least triple-zeta
quality, see also Table 15, where the mean absolute errors
in the bond distances of the Hartree–Fock, MP2, CCSD
and CCSD(T) models are listed. In the cc-pVDZ basis,
the CCSD(T) error is almost as large as the Hartree–Fock
error; by contrast, in the cc-pVQZ basis, the CCSD(T)
error is more than an order of magnitude smaller than the
Hartree–Fock error.

In Table 14, we listed the calculated and experimental
bond distances for a few selected systems. We note in

particular the high accuracy of the CCSD(T) model,1,9,65

with mean errors of 1.68, 0.01 and �0:12 pm in the cc-
pVDZ, cc-pVTZ and cc-pVQZ basis sets, respectively;
the corresponding mean absolute errors are 1.68, 0.20 and
0.16 pm. However, even this high accuracy arises in part
from error cancellation, the bond distances are further
shortened by about 0.1 pm upon basis-set extension from

cc-pVQZ to cc-pV6Z46,66–68 and by 0.02 pm upon triples

relaxation from CCSD(T) to CCSDT.69,70 We conclude
that the intrinsic error of the CCSDT model is about
�0:2 pm. Indeed, calculations with the CCSDTQ model
confirm that the introduction of connected quadruples
increases bond lengths by 0.1 to 0.2 pm.

Spectroscopic constants

The frequency of a diatomic fundamental transition is
given by 
 ¼ !e � 2!exe, where the harmonic constant
!e can be calculated from second derivatives of the
potential-energy surface, whereas the calculation of the
anharmonic constant !exe also requires third and fourth
derivatives (see for instance Ref. 71). In the present
section, we consider the accuracy of the calculated
spectroscopic constants of the diatomics BH, HF, CO,
N2 and F2; for comparison, we include their bond lengths
in this discussion.

In Figs. 10–12, normal distributions of errors in the
equilibrium bond lengths, harmonic constants and anhar-
monic constants, respectively, are plotted for the five
diatomics.67 These figures also contain the mean absolute
errors, printed next to the normal distribution plots. All
calculations have been carried out in the core–valence cc-
pCVXZ basis sets, with all electrons correlated and at the
optimized geometry of the given computational model.

Although the performance of the different models is
similar for the three spectroscopic constants, some differ-
ences are apparent. In general, there is a significant
improvement in the performance in the sequence
Hartree–Fock, CCSD and CCSD(T). The uncorrelated
Hartree–Fock model performs particularly poorly for the
harmonic constants, with mean absolute errors of almost
300 cm�1, that is, 30 times larger than the errors of the
CCSD(T) model; for the anharmonic constants, by con-
trast, the Hartree–Fock performance is fairly decent, with
mean absolute errors of only 4 cm�1.

Figure 9. Mean errors relative to experiment in calculated
bond distances (pm). The bond distances have been calcu-
lated in the cc-pVXZ basis sets with all electrons correlated

Table 15. Mean absolute errors relative to experiment in
calculated bond distances (pm)

j ���j cc-pVDZ cc-pVTZ cc-pVQZ

HF 1.94 2.63 2.74
MP2 1.35 0.56 0.51
CCSD 1.19 0.64 0.80
CCSD(T) 1.68 0.20 0.16
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The CCSD description is for all spectroscopic con-
stants a definite improvement on the Hartree–Fock
description, with an error reduction of about a factor
of four (in the largest basis). For the anharmonic
constants, we note a rather sharp but off-center normal
distribution in the triple-zeta basis, indicating a very
systematic underestimation by about 2 cm�1. However,

since our statistics are based on only five constants, it
could be that this behavior is not typical of the CCSD
model.

Next, introducing connected triple excitations at the
CCSD(T) level, we note a further significant reduction in
errors, by about an order of magnitude relative to the
CCSD model. It is worth noting that this improvement is

Figure 10. Normal distributions of the errors in the bond distances of BH, HF, CO, N2 and F2 relative to experiment, calculated
in the cc-pCVXZ basis sets with all electrons correlated (pm). Next to each normal-distribution plot, the corresponding mean
absolute error has been printed

Figure 11. Normal distributions of the errors in the harmonic constants !e of BH, HF, CO, N2 and F2 relative to experiment,
calculated in the cc-pCVXZ basis sets with all electrons correlated (cm�1). Next to each normal-distribution plot, the
corresponding mean absolute error has been printed
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observed only in the cc-pCVQZ and cc-pCV5Z basis sets.
While some improvement on the CCSD model is also
observed in the cc-pCVTZ basis, the cc-pCVDZ basis is
too small for use with the CCSD(T) model.

The MP2 model differs from the CCSD model only in
that the doubles amplitudes have been determined by
perturbation theory rather than from the coupled-cluster
equations. However, this difference has an enormous
impact on the harmonic and anharmonic constants, lead-
ing to much broader distributions of errors than those of
the CCSD model. By contrast, for bond distances (and
indeed for the other properties discussed in this paper),
the MP2 model performs as well as the CCSD model.
Apparently, the MP2 scheme is less well suited than the
more expensive CCSD model to the calculation of
properties related to bond stretching and more generally
to bond-breaking processes.

The plots in Figs. 10–12 also nicely illustrate the
general observation that a perturbative treatment of the
cluster amplitudes usually leads to an overestimation of
the amplitudes. Thus, the MP2 normal distributions are
not just broader than the corresponding CCSD distribu-
tions but are also displaced relative to these distributions,
always away from the Hartree–Fock distributions.

Concerning the direction of change in the calculated
spectroscopic constants, we first note that the harmonic
and anharmonic constants decrease with improvements in
the N-electron treatment, as we would expect from the
fact that such improvements are particularly important at
large distances, lowering this part of the potential-energy
curve relative to the inner part. For the same reason, the

equilibrium bond distances lengthen with improvements
in the N-electron treatment.

With respect to basis-set improvements, the situation
is more complicated because of two competing effects.
At a fixed geometry (e.g. the experimental equilibrium
geometry), the harmonic and anharmonic force con-
stants are always reduced by basis-set improvements
since, upon basis-set extension, the inner part of the
potential-energy curve is lowered more than the outer
part, thereby reducing all even-order geometry deriva-
tives. If instead these force constants are evaluated at
the optimized geometry (which changes with the basis
set), then there is a competing effect from the purely
nuclear contributions to the constants. Since basis-set
extension leads to bond contraction and thus to larger
nuclear derivative contributions, it increases the calcu-
lated force constants. In most cases, these purely
nuclear contributions dominate, resulting in an overall
increase in the calculated force constant upon basis-set
extension. Exceptions are common for small basis sets
at the Hartree–Fock level.

From the above discussion, we have seen that the
intrinsic error in the CCSD(T) harmonic constants are
fairly large (about 10 cm�1),67 making the accurate
calculation of fundamental vibrational transitions to
within say 1 cm�1 a very difficult business indeed. In
the following, we will use the N2 molecule to illustrate
how such an accuracy can nevertheless be achieved.
Before we begin, we recall that the anharmonic contribu-
tion to the fundamentals constitutes much less of a
problem (at least for semi-rigid molecules), since

Figure 12. Normal distributions of the errors in the anharmonic constants !exe of BH, HF, CO, N2 and F2 relative to experiment,
calculated in the cc-pCVXZ basis sets with all electrons correlated (cm�1). Next to each normal-distribution plot, the
corresponding mean absolute error has been printed
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convergence to within 1 cm�1 is achieved already at the
CCSD(T)/cc-pCVTZ level of theory. In our discussion,
we therefore consider only the difficult harmonic con-
tribution to the vibrational transitions.

In Fig. 13, we have illustrated the different contribu-
tions to the harmonic vibrational frequency of N2. At the
Hartree–Fock level of theory, the error is 371.9 cm�1 in
the basis-set limit.67 Unlike at the correlated levels of
theory, the harmonic frequency decreases as we go from
cc-pVDZ to cc-pVTZ (by almost 30 cm�1) and also from
cc-pVTZ to cc-pVQZ (by 2 cm�1), after which it in-
creases by less than 1 cm�1 as the basis set is further
extended.

Next in Fig. 13, we carried out a series of CCSD/cc-
pVXZ calculations, with only the valence electrons cor-
related.67 The calculated harmonic frequency now in-
creases rather than decreases with increasing cardinal
number; moreover, the basis-set differences are
larger than at the uncorrelated Hartree–Fock level. In
the basis-set limit, we are still off by as much as 85 cm�1

from the experimental harmonic frequency, which is
typical of descriptions based on the use of connected
doubles only.

Introducing connected triples at the valence-electron
CCSD(T)/cc-pVXZ level of theory, we arrive at a rather
small error of 4 cm�1 in the basis-set limit; see Fig. 13.67

The good agreement with experiment is fortuitous, how-
ever, and occurs as a result of a near cancellation of the
errors arising from the neglect of core correlation, from

the approximate (perturbative) treatment of the triples
and from the neglect of quadruple and higher-order
connected excitations.67,68 Indeed, as we introduce core
correlation at the all-electron CCSD(T)/cc-pCVXZ level
of theory, the error increases by almost 10 cm�1. A
similar large increase in the error occurs as we replace
the perturbative triples by fully relaxed triples at the all-
electron CCSDT level of theory.

The surprisingly large CCSDT error of 24 cm�1 in
Fig. 13 indicates that quadruples and higher connected
excitations are important for the accurate calculation
of harmonic frequencies. Indeed, at the CCSDTQ level
of theory, the error in the N2 harmonic frequency is
reduced to 5 cm�1.72,73 Finally, at the CCSDTQ5 level
of theory, we are within 1 cm�1 of the exact non-relativis-
tic limit. Adding a relativistic correction of �1:4 cm�1,75

we finally obtain a frequency of 2358.0 cm�1, just below
the experimental harmonic frequency of 2358.6 cm�1.

Coupled-cluster excitation-level convergence

Having examined the coupled-cluster convergence of
a variety of molecular properties in the previous
subsections, let us now summarize by comparing the
convergence for some of these properties. In Plate 3, we
have plotted, on a logarithmic scale, the errors in the
calculated harmonic force constants, equilibrium bond
distances and atomization energies as functions of the

Figure 13. Errors in the calculated harmonic vibrational constant !e of N2 relative to experiment (cm�1), calculated at different
levels of coupled-cluster theory. At each level of theory, the horizontal lines represent calculations in different basis sets
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highest included virtual excitation level in coupled-
cluster theory. The errors relative to experiment are
reduced by several factors with each new level, the
CCSDT errors being an order of magnitude smaller
than the Hartree–Fock errors. The CCSD(T) errors have
not been included in these plots but are usually smaller
than the CCSDT errors because of cancellation of the
errors arising from an approximate treatment of the
triples and the neglect of quadruples.

The coupled-cluster hierarchy clearly provides us with
a well-defined path towards the exact solution of the
Schrödinger equation, at least for single-configurational
systems dominated by the Hartree–Fock configuration.
Indeed, at the CCSDTQ or CCSDTQ5 levels of theory,
we have exhausted the Schrödinger equation in the sense
that relativistic corrections henceforth become as impor-
tant as further correlation corrections, see Plate 3. We
note, however, that for systems containing heavier atoms,
this cross-over could occur at a lower level of coupled-
cluster theory. Indeed, for very heavy atoms, the relati-
vistic corrections are sometimes more important than
those of electron correlation.74–77

CONCLUSIONS

We have reviewed the accurate calculation of molecular
properties by coupled-cluster theory. In particular, we
have demonstrated that, for a rigorous calculation of such
properties to some prescribed accuracy, it is necessary to
carry out sequences of electronic-structure calculations
where we systematically explore the flexibility in the one-
and N-electron descriptions of the electronic system,
carefully monitoring the convergence in the calculated
properties. In the N-electron hierarchy, we improve the
description by including higher and higher virtual excita-
tions in the wave function, providing an increasingly
more detailed description of the virtual electronic pro-
cesses. In the one-electron hierarchy, our description of
the electronic system is improved by extending the virtual
excitation space, as required for an accurate representa-
tion of the included virtual excitations. In particular, we
have discussed the calculation of molecular properties at
the Hartree–Fock, CCS, CCSD, CCSDT, CCSDTQ and
CCSDTQ5 levels of theory, including up to quintuple
connected virtual excitations in the calculations. To
expand the virtual excitation spaces in an optimal man-
ner, we have made use of the correlation-consistent
valence and core–valence cc-p(C)VXZ one-electron basis
sets, with cardinal numbers 2 � X � 6.

We have demonstrated that, in correlation-consistent
coupled-cluster theory, calculated molecular properties
converge in a predictable manner. In particular, as we
increase the virtual excitation level, errors are reduced
linearly, typically by a factor of three or four at each new
level. In this way, convergence to chemical accuracy is
sometimes achieved with the inclusion of triple excita-

tions but more often quadruple or even quintuple excita-
tions are needed. In the one-electron correlation-
consistent hierarchy, convergence is much slower, with
an error in many properties proportional to X�3. However,
because of the very smooth convergence with the cardinal
number, it is often possible to extrapolate the results
obtained with finite cardinal numbers to the limit of an
infinite basis set, making it possible to estimate the basis-
set limit at each level of coupled-cluster theory.

Because of the very high cost of coupled-cluster
theory, the highest included virtual excitation level is
sometimes determined in an approximate manner, using
perturbation theory. Particularly important are the MP2
and CCSD(T) models, which can be taken as approx-
imations to the CCSD and CCSDT models where the
doubles and triples, respectively, are determined by
perturbation theory rather than by coupled-cluster the-
ory. These approximations are very useful, reducing
the computational cost significantly at little loss of
accuracy. Indeed, because of systematic error cancella-
tion, the CCSD(T) model is for many properties such as
atomization energies, equilibrium bond distances and
force constants more accurate (but less flexible and
robust) than the more expensive CCSDT model, in part
explaining the great success of CCSD(T) theory in high-
accuracy computational quantum chemistry.

Because of the separate expansions of the one- and N-
electron hierarchies in coupled-cluster theory, cancella-
tions frequently occur between the errors arising from the
one- and N-electron truncations, leading to a fortuitously
good agreement with experiment. We emphasize, how-
ever, that agreement with experiment for a few selected
properties is not in itself a guarantee of quality and should
never be taken as indicative of an accurate description of
the electronic system. To ensure such a description, the
errors arising from the one- and N-electron truncations
must be controlled by carrying out sequences of calcula-
tions, where the different levels of theory are system-
atically varied and where convergence is carefully
monitored. Only when carried out in this manner does
coupled-cluster theory constitute a truly predictive tool in
quantum chemistry.
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